Abstract. Let G be a polynomial semigroup containing an element with degree at least 2 with the semigroup operation being functional composition. We prove that G is nearly abelian if and only if the smallest G−completely invariant closed subset of the Riemann sphere is not equal to the Riemann sphere. We also give a positive answer to Conjecture 7.1 in Hinkkanen and Martin's paper on the dynamics of semigroups of rational functions.
Introduction
In the series of their papers, Hinkkanen and Martin tried to extend the classical theory of the dynamics associated to the iteration of a rational function of a complex variable to the more general setting of semigroups of rational functions; see [4, 5] , etc.
Let f j :Ĉ →Ĉ (j = 1, 2, · · · ) be rational functions. We denote by
the semigroup generated by the family {f j : j = 1, 2, · · · } with the semigroup operation being functional composition. The Fatou set of the semigroup G is defined by F (G) = {z ∈Ĉ : G is normal in some neighbourhood of z} and the Julia set of G by J(G) =Ĉ \ F (G). We write F (f ) and J(f ) for F ( f ) and J( f ). Then F (f ) and J(f ) are the Fatou set and Julia set respectively, in the classical iteration theory of Fatou and Julia. It is obvious that the dynamics of a semigroup is more complicated than that of iteration of a single function. Some properties in the classical case cannot be preserved for the case of semigroups. For example, F (G) and J(G) may not be completely invariant, and J(G) may not bê C when J(G) has an interior point; see the examples in [4] .
In order to extend Sullivan's famous result, non-existence of wandering domain ( [8] 
They proved that Sullivan's theorem remains valid in such semigroups. In [7] , Stankewitz defines the Julia set J(G) of G in a different way as follows:
where a set M is called G-completely invariant if it satisfies the following: 
In [7] , Stankewitz proved Theorem S. Let both f and g be two polynomials with degree at least 2.
We will discuss this further and prove By using this generalization of Theorem S, we will prove the following result in Section 2. As the main result of this paper, we will prove in Section 3, Proof. Let h ∈ G. We need to treat two cases:
Theorem 1.1. Let G be a polynomial semigroup containing an element with degree at least 2. Then G is nearly abelian if and only if K(G) =Ĉ if and only if
∞ / ∈ K(G).
Theorem 1.3. If G is a nearly abelian polynomial semigroup containing an element with degree at least 2, then there exist a neighborhood D of ∞ and a conformal mapping B on D such that
and
This implies that h
Lemma 2.1 follows from (i) and (ii).
Lemma 2.2. Under the assumptions of Lemma 2.1, for any f, g ∈ G, there exists φ(z) = az + b with |a| = 1 such that φ(J(G)) = J(G) and
Proof. Assume that neither the degree of f nor the degree of g is equal 
For the remaining case, without loss of generality, we can assume that deg(f ) = 1 and
This implies that
By the discussion stated as above, for any f, g ∈ G, there exists φ(z) = az + b
Combining this and Lemma 2.1, we can easily deduce that φ(J(G)) = J(G).
The proof of Theorem 1.1. First of all, we need to prove Lemma 1. 
and J(G) is completely invariant. Then K(G) ⊆ J(G). This implies that J(G) = K(G) and furthermore that ∞ ∈ J(G); so ∞ ∈ J(f ) = J(G).
But f is a polynomial, and we have ∞ ∈ F (f ) = F (G). This is a contradiction. Hence there exist two elements f, g ∈ G with degree at least 2 such that J(f ) = J(g). Combining this and Theorem S, we can deduce Lemma 1.1. Lemma 1.1 Without loss of generality, we can take an f ∈ G with deg(f ) = n ≥ 2 and a f = 1. Or we choose a suitable conjugate semigroup of G such that this conjugate semigroup of G contains an element f with deg(f ) = n ≥ 2 and a f = 1. By [6] or [1] , there must exist D = {z : |z| > R} for some R > 1 and a univalent function
also gives the positive answer that K(G) =Ĉ if and only if ∞ ∈ K(G). Since
Below, we will denote by G a polynomial semigroup with a polynomial f such that deg(f ) ≥ 2 and a f = 1, by B(z) the univalent function in Lemma 3.1 with respect to f , and by D the neighborhood of ∞ in Lemma 3.1 with respect to f . 
